Paper Folding and Number Theory

(from Stillwell: Mathematical Reflections in a Room with Many Mirrors) 
 Regular Convex Octagon Construction using Paper Folding 

(We suggest using adding-machine tape cheaply acquired at your local office supply.)
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Prerequisite Knowledge:
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Sum of interior angles of a n-gon = 180°(n-2)
2. Interior angle of regular n-gon = 180°(n-2)/n
Steps:

1. Crease a perpendicular to the top and bottom of the tape (in Figure 1, forming segment AB).  
2. [image: image39.emf]E
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 (forming 
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, and two 45° angles: 
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 and
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).
3. Open the fold in step 2, and bisect 
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(forming 
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, and two 22.5° angles: 
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 and 
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). This fold will stay folded as seen in Figure 2.  
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 will be one of the 8 sides of the octagon.  
4. [image: image41.emf]�
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Repeat the process in steps 1 -3 by creasing a perpendicular from point D (forming
[image: image10.wmf]DE

), bisecting
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, and then bisecting the resulting top most angle.  It is important to continue to fold inward to create the octagon.  Figure 3 represents the finished product.   

Discussion Questions:
1. Why does this form a regular octagon?  

a. What is the measure of each interior angle of a regular octagon?
b. How can we show that this is true for our octagon?   

2. How can we construct a regular n-gon? 
 Constructing a Regular N-gon using Paper Folding 

[image: image43.emf]Let’s try a regular convex heptagon (7 sides).  We are going to use radians for this construction because each individual internal angle is approximately 128.57˚, which is messy.  So, each angle in radians is 
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, and our first fold needs to be 
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.   To make this fold, we will estimate where a 
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 fold might be, and iterate our instructions for folding above until we get parallelograms.   Let’s break this down step-by-step:
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Fold a perpendicular 
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.

2. Fold what you believe to be a good approximation to 
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 angle from the top edge (see Figure 4).  Because there is some error, we will call this angle is 
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.  
3. Bisect 
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 to form two congruent angles with measure 
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 as seen in Figure 5.
4. Bisect 
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 to form two congruent angles with measure 
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 as seen in Figure 6.
We’re going to try an experiment in a different kind of iterative folding.
First, make any crease you like across your paper tape.
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Second, fold the top edge down to the crease you made, and unfold
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Third, fold the top edge down to the new crease (
[image: image25.wmf]AC

) and unfold.
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Finally, fold the bottom edge up to the new crease (
[image: image28.wmf]AD

) and unfold.
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We’ll call this sequence D D U.  Iterate: repeat the D D U sequence starting with the end crease 
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 in place of 
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, and repeat a few more times.  What do you notice about the sequence of creases?

Origami Conics

Using Patty paper (stack in middle of your table), place a point somewhere between an edge and the center (like this). Then fold the nearest edge up through the point and unfold.  Again, fold the same edge up through the point a second time, and unfold.  Repeat for a while.  What shape do you get?
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You can actually use your origami construction to prove an amazing property of parabolas.

First, we need to locate which point P on a crease is actually on the parabola.  One definition of a parabola is the set of points equidistant from a fixed point (the focus) and a fixed line (the directrix).  Because we folded to make one point on the bottom edge pass through the point in the interior, it should make sense that the bottom edge is the directrix and the point in the interior F is the focus.

Answer the following questions in complete sentences in your notebook:

1.  Then when we fold A onto F, how is the crease related to 
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?

2.  What kind of triangle is (AFP?  Why? 
3.  If 
[image: image37.wmf]AP
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 is perpendicular to the bottom edge of the square, explain why P must be on the parabola.

4.  Imagine a ray of light coming in downward along the dashed line towards points P and A and reflecting off the parabola.  What angle is the “angle of incidence?” [Ask a physics student if you don’t know this term.]  Now use the diagram and parts 1-3 to help you explain why the ray must pass through part F.

Extension:  Repeat the construction on a circle—fold the edge through a fixed point inside the circle, and repeat.  Then prove…

5.  Let P be the point that gets folded onto F.  As P travels around the circle, what is invariant?

6.  Call the center of the circle O.  Use your observation in #5 to help you prove that for a well-chosen point Q on the crease, FQ + QO = constant.  
Your proof in #5 means that the “envelope” of the creases is a(n) ______________ .

6.  Now explain why a ray traveling from point F and reflecting off the “envelope” of the creases passes through point C.

Figure 1.
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Figure 6.
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