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1 If acar sellsfor ¢!$1000and the salesman earns g% = ¢/10Q heearns$1Q;%. He earnsan
* additiond $100per car, and hesells p cars, so histotal earningsare p($100+ $10;%). This
totals $4600. Now divideboth sides by $10to obiain the equaion p(10 + ¢°) = 460. Sincep and
g are postive integers, we knowthat p and 10 + ¢° are factors of 460 Thefactors of 460are
1,2,4,5, 10, 20, 23 46,92 115 230 and460. Since g isapostive integer theonly of those
factorstha can be 10+ ¢? is46= 10+ 6% So ¢ =6 andp = 10,and the ordered pair is|(10, 6).

(x*+2x)! (4x+8) _ x*1 2x! 8

121 x o 2+x
Now x* B2x D8 factors as (x D4)(x + 2), so thefraction smplifiesto B(x D4), x " E2. Setting
thisequd to £8/4 as given, we get x B4 = 3/4,0rx = .

2 Thesopebeween (E2, x* + 2x) and (x, 4x + 8) is

3 Since we have to take the square roat of it, let@ see if we can showtha 36+ 10\/1_1 is
] actudly anice squae. Let@try tofinda, b, andc so that (a + bx/;)2 =36+ 10\/ﬁ )
Now (a+ b\/;)2 = (a® + b’c) + 2ab\/;. So right away, we know ¢ = 11. We aso know tha 2ab
equds 10,50 ab =5. Since b can®be5 (otherwise b%c isway bigge than 36), wetry a = 5 and
b=1,anditworks. S0 36+10v11= (5++11)? andsimilarly 36—10y11=(5—v11)?. Putting
these into theorigind problem gives:

(5+V12)° = (5= +11)° = (125+ 75/11+ 165+ 1]1/11) — (125- 75¢11+165- 1111) = |17211] .

(Youcan avoid cubing these thingsif you factor the difference of cubes.)

log,4 2
log,x log,x

4 Using thelaws of logaithms, log x* = 2 log, x and log 4= . Ifwelet

z=log x, ourexpression simplifiesto 2z +—. By the AM-GM inequdity, we find tha
z

Z+21/ z > zé =1 andtheonly way to get equdity isif z = 1/z. Sowe seethat z =1 (which
meansx = 2, which is bigge than ong so we meet the other stated requirement). Then thefind

valueis2z + 2/z =l4,

5 Note tha MB = 6, andthedltitudeto paint Q in#QMB is 20, while the dtitudeto Q in
* #DQC mug be 10. This makes the heightof the parallelogram perpendicular to bases

AB and CD 30, so theparallelogram has area 12130= 360. Additiondly, #4MD has base 6 and
height 30, so area 90. Thusthe area we seek is 360 90D 60H60=[150.



Thereisastandad approach tha often works for messy combinaionsof trig fundions
6 . likethis. Lookto write thearguments of thetrig fundionsas sums and differences of
sinX—sin7X _ sin(4X—3X)—sin(4X+ 3X)
cOSTX—COSX cos(4X + 3X) — cos(4X — 3x)
SN4xcoS3x — c0s4XSN3X — SN4xXCcoS3X — c0S4xSin3x
C0S4XC0S3X — SiN4Xsin3x — C0S4XC0S3X — Sin4xsin3x -
Next, collect like terms ontop and bottom: ! 20954)(3_'”3)( and smplify to get cot 4x. Sowe

I 29in4xsin3X

really need to solve cot 4x = tan 6x. But cota = tan($/2 Ba), so we need tan($/2 D4x) = tan 6x.
So, taking into accountthe periodicity of tangent, we need the smallest postive x tha solvesthe
equaion $/2 B4x + k$ = 6x, or 10x = $/2 + £$. We make theright hand side postive and as
small as possible by usng £ = 0, and thusfind that x = .

common numbea's. In this case, rewrite

Now you

use theangle additionformulas to get

7 We want to find anunmbe a so that f(a) = 27. Now if 5x B2 = 27,then x = 29/5. So now
: 2(29/5)-3
(29/5)-2

we find (43/19) = 27,50 a ={43/19.

Let P bethecenter of thelarger circle, and O the center of thesmaller circle. Sketchin
* segments FP and CQ. We are given tha m%FPB = 82;. By similarity, m%COB isaso
82j. Because of thetangency condition, m%QCB = 90j. Thusm%CBQ = 8j andthisisaso the
measure of %4BD. Now an arc seen fromapointonthecircleis aways subtendshdf theangle
it would if it were seen from the center of thecircle, so m%4BD =! m%4PD, and thusthe
measure of arc AD is.

we know that f( ) = 27. Simplifying by multiplying top and bottom by five,

If we can determine how many combinationsof assignments of teamsto lanes there are,

9 . wesimply nead to multiply by 36to find thetotal number of arrangements of swimmers.
This is because each team@ three swimmers can be arranged in six ways (ABC, ACB, BAC,
BCA, CAB, CBA). So let® jug brute-force countthelanearrangements. Thenotationsbe ow
show which lanesteam 1 isin, togeher with which lanes are possible to be empty; team 2 fills
theremaining lanes. Keep in mindthat notwo adjacent lanes can bdongto the same team. So
thelanes tha could be occupied by team 1 are: 135(6 or 7 empty), 136@ or 5 empty), 1375),
146@Q or 3), 157@Q), 246(1, 3, 5, or 7), 2475 or 6), 257@ or 4), 357(L or 2), for atotal of 18
arrangments. Thusthetotal number of arrangements of swimmersis 1836 =

. Sincethisisan

. .21 212
10 If theseriesis 21+ 21r + 212 + ! thenthesumis =
- 1-r 21-21r

integer and 21 is a postive integer, we need 21 ©21r to divideevenly into 212. Also,0< r<1,
s0 21r < 21. Thesetogdaher mean that 21 D21 mud bel, 3, 7, or 9, making the secondterm
21r=[12,14, 18, or 2Q.




Oneway to go aboutthisisto denote m%PDM = m%PDL by x and mY%PEM = mY%PEM
1 1 . byy. Thenwe dtart chasing throughthe diagram using thefacts tha supplementary

angles add to 180;, as do theinterior angles of atriangle. Let S betheintersection of EP and

DM, and T theintersection of EM and DP. So m%RSE = 66Dy, and mYaMSE = 114+ y.
Next, mY%aRME = 66 D2y, so m%MTD = 114+ 2y Bx. Now thefouranglesin qualrilateral
PSMT addto 360 s0 72+ 114+ y + 66 D2y + 114+ 2y Bx =360 or x Dy =6. Now m%LTD =
66 D2y +x, soin#DLM we add theanglesto get m%DLM + x + 66 D2y + x = 180,0r m%ALM
= m%DLM = 114+ 2y D2x = [102)].

Note: usng similar logic, if specific angle measures are not given, you can provethe
surprising invariant m%l.AR + m%lLMR = 2 m%EPD.

12 First, let y = sinx + cosx andz = cosx Psinx. Now we need sin(y) = cosz). Let@use
- therdation beween sineand cosneto changethisto sin(y) = sin($/2 + z). Thuseither
y=%$2+z+2k$ory=%$D($2+z+2k$). Thefirst smplifiestoy Bz =$/2 + 2k$, andthe
secondsimplifiesto y + z = $/2 D2$.
Now y Bz = 29n x, which ranges from -2 to 2. But -3%$/2 islessthan -2 while 5$/2 is
larger than 2, so in thefirst possibility we mus have k = 0,and2snx = $/2,so sinx = $/4.
In thesecondcase, y + z = 2cosx, which also rangesfrom-2to 2. By similar reasoning,

we mug agan havek =0, so cosx = $/4. If cosx=$/4>" ,thensinx = +/1-cos’x <

ﬁ /4. Since \/; < $, thisisclearly smaller than theanswer in thepreviouscase, and we are
looking for thelargest possible answver.
So ourfind condusonistha thelargest possible valueof sinx = .

1 3 There are atotal of eightlines, so there were originally 8 Bk lines drawn. How many
* triangles are made by these lines alone? Well, because any two of these lines intersect
(noneare padlel) and nothree are conaurrent, any three of these lines determine aunique

"8 k% .
triangle. So these lines themselves determine §8 k- (trlangleﬁ.

Now no triangle has two sides amongthe 4 paraléd lines, butwe can take any oneof
these linestogeher with two of theorigind linesto determineatriangle. This accountsfor

n ! ()/ . _ _
k 8 k-(moretrlangleﬁ. So we need 8-k +k 8-k = 40.
%2z 3 2

We could multiply out the combinaions butit@ probably easier just to try various
nunbers. If k=0, we@ get 56triangles; k = 1 gives 56 triangles; k = 2 leadsto 50triangles. |f
wetry k = 3 weget 40triangles while k = 4 leadsto 28 triangles. Larger k@ gives smaller
nurbers of triangles, so we hit it when we foundk =[3.



Basicaly, we have to countthe number of different factors of numbers which have the
14 form 42D12r.. Solet@doit. If x = 1, we need to solve by = 30 which has postive
integer solutionsaslongasb isamongl, 2, 3, 5, 6, 10,15,and 30. If x = 2, we solve by = 18,50
b mug beamongl,2,3,6,9,18. If x=3,then by=6s0 b isoneof 1,2, 3,6. Larger x@ make
42 D12« negative, so b and y can®both bepostive. So the collection of b@tha work is 1, 2, 3,
5,6, 9, 10, 15, 18, and 30, acollection of 10 numbers.

1 Let n befactoredinto primesas p,“p,! p“. Thennhas (a1 + 1)(az + 1)! (a.+ 1)
© factors. Also, n”= p’*p,*® - p** son®hes(2a1+ 1)(2a2 + 1)) (2a, + 1) factors. So

weknow (2a; + 1)(2a; + 1)!' (2a, + 1) =2009= 7'7'41. Thisleadsto thefollowing
possibilities: a; = 1004,and n has 1005factors; a; = 3 and a, = 143giving n 576factors; a1 = 24
and a, = 20 givingn 525factors; a; = 3, a, = 3, and a3 = 20 giving n the smallest possibility,
factors.

, 17 ! .
16 Firg, theeare ( c j = 1r ways to choo five nunmbers. Now from1to 17 theeare

1215
six number which can bewritten as 3¢ + 1 (namely 1,4, 7,10, 13, and 16), six which can be
written as 32 D1 (2,5, 8, 11, 14,and 17), and five which are divisible by 3. Let@ call thefirst
group+1@, the second-1(@, and thethird 0@. For the sum of five nurbersto bedivisible by
three, you mug have: al five 08; three 08, a+1, and a-1; one0 and two each of +1 and-1;
three +1@ and two 0G; four +1@ and a-1; three -18 and two 0; or four-18anda +1.
Thuswe have thefollowing total of waysto get a sum divisible by three:

5\(6)(6 5(6)6 56\ 6 5/(6)(6 516} 6 5/(6)(6 516\ 6
+ + + + + +
RIS CI IS I XGOS e
Thiscomesto 1 + 360+ 1125+ 200 + 90+ 200+ 90 = 2066different choices tha have asum
2066  2066!1215! 2066!5! 1033

171/12150 17! 1311411511617 |3094]

divisible by three. So ourfind answer is

Quick! Setx=-1. Thenx +2=1, sotheright-handsideisa + b + ¢ + d, and thel eft-
17 hend side evaluaes to 2,

18 Let@ ook at thedown clues. 1 down can be 128,256,0r 512 (and 6

across indantly rules out 512 because the digits cannotdecrease from ; 223
21). 2 down can only be 287, and now since thedigitsin 6 across mugt 517

decrease, 256isruled out for 1 down. So we already know the left-mog six
digits, as shown.

Now 1 acrossmud be1211or 1222 Thethree-digit squaes startingwith 1 or 2 are 100,
121,144 169 196 225 256 and 289 We can rule out 169,196,256,and 289for 4 down
because then the digits in 6 across couldn®decrease. We can a'so rule out121and 225 because
othewise thedigits of 5 across wouldn®beall different. Thisleaves 100and
144, So 1 acrossis 1211. Now thedoubkes of squaes with first digit 1 are 11211
128and 162. Agan, werule out 128 because of 5 across. So 3downis 162 2|8|6|0
Then we rule out 144for 4 down because of thedecreasing digitsin 6 across. 8|7(12]|0
Thusthe completed puzzleis as shown.




Thegod of this problem isto locate points B and C as
19 . shown in thediagram so as to minimize the peimeter of A

thetriangle. While there are geometric techniques and calculus C

techniques to do this, avery much nicer approach isto use

mirror images, as shown bdow, where theorigind picture has p
been reflected B

ove both rays

c of theorigind

angle.. Now the

A ./p\m perimeter of the
B triangleisthe

same asthedisancefromA4’toBto Cto 4"

Where can we put B and C to minimize this

distance? Since astraightlineistheshortest
distance between two points, we shouddraw the straightlinefromA4’to 4”! Then place B and C
where this line meets thesides of theorigind angle. Now, since the perimeter of thetriangle the
same as thedistance from4’to B to C to 4”7, and thisisnow a straightline, we jug have to
figure outthis distance. But 4’4 ”isthelength of the base of an isosceles triangle whose vertex
angleis 120; and sidelength 12. Sowe usethelaw of cosnestoget A4? =12 + 12D

21121121coq120) = 432 so theminimum perimeter is 12x/§ )

2 Thedistance fromz to z* in the complex planeis |z Bz*|. So we know |z Bz?| = |1 Dz|/2.
. |z—2"

So dividing, we get

= % . Buttheleft-hand sdesmplifies:

[1-z]
|z—2"| |z-2° 2 o .
2] = " =|z|]. Sofz|=! . Weaso knowtha |1Dz| = |1Dz7|, 0 dividing gives
—Z —Z
1z _[11 2| s o
T 7] = T ‘=11+z|. Soweget |1+z]=1 Sonowweknowtha a”+b°=( )*=# and
Iz Iz

(1+a)*+b*°=1. Sowesubtract tofindtha 1+ 2z =" , s0a =-1/8. Thush® = 1/4D1/64. So
b2 = 15/64, andb > 0, 50 b= |15 /8|

2 1 For a system of three linear equéaionsin three variables to not have auniquesolutions
. thedeerminant of the coefficients mug be zero. So we compute:

43 0

2 0 5|=6a—60=0. Thismeansa =10. Now thesystem is singular and either has zero or
0 3 -a

infinitely many solutionsdepending on therighthand ssde. On theleft, the third equaion plus

twice the secondequds thefirst, so to have solutions theright hand sde mug be the same.
Thuswe mugt have 4 + 2k = 15,50 k = [11/2,



Here( a sneaky trick: rewrite theequaion as 4a” B (b* Db) = 30. Now complete the

2 2 . squae 4a° D(b? Db +#) =29" . Multiply by four to get rid of thefractions and we

end up with 164° B(2b B1)? = 119.
Now a difference of squaes can beeasily factored: x? By = (x + y)(x Dy). So we factor

our equaionto obtain (4a B2b + 1)(4a + 2b B1) = 119. Now everything ontheleft is an integer,
so we factor 119into integersto obtain 119=7!17. So we make all possible combinations 119

canequd 1!119,7'17,-11-119,etc. Here arethepossibilities:

4aP2b +1 4a +2h D1 a b
1 119 15 30

7 17 3 3

17 7 3 -2
119 1 15 -29
-1 -119 -15 -30

-7 -17 -3 3

-17 -7 -3 2
-119 -1 -15 29

Since all solutionsare integers, we see tha there are ordered pars (a, b) tha will work.

2 3 Not al the pants have the same x-coordinae, so thelinewill notbevertical. Thusthe
- linehasadope so we smply need to set the Slopes between the pars of points equd.

- 2b-1 S .
Thus Z i = ]Z;Jr 46. Cross-multiplying, we find tha 5* D4b D32 = 2b° D24b + 64, or

B*D20b +96=0. Thisfactorsas (b D12)(h D8)=0,s0/b = 120r b =8.

24 Let@ say you start at 4; andwalk around
- thefigure (shown is oneexample, other
spacingsof the points are possible). Now when you
reach 43, youturn toward 45 by turning throughthe
supplement of angle 43. Tha is, youturn throughan
angle of 180; Bm%43. Keep goingaroundthe
figure and you will turn throughangles of 180; b
m%s, 180 Bm%47, etc. When youreturnto 4;,
you should turn through180; Bm%4; so that youare
facing your origind direction.
But you have turned aroundtwo full times,
so tha we have 111180 Bm%A41 Dm%A43 Dm%A43 !
P %41, = 720G. This meanstha thesum of the
anglesisaways 111180; - 720; = no matter
how the points are spaced aroundthecircle. (Also acceptable istheradian equivalent, 7$/2.)
Alternaely, each of the angles cuts off seven of the arc segments tha join the points. For

—_——

ingance, %4, cuts off thearcs 4,4,,4,4.,...,4,4,, . Each segment of arc is cut off by seven
angles. Soif we add all theangles, we get each piece of arc seven times, totaling 7!360; =
252QG. Since each angle measures! of thetotal arc it cuts off, we get tha the sum of theangles

is! or 252Q, or 126Q.



